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Abstract. An analysis of experimental yields concerning isotopically resolved spallation products from
1GeV-proton nucleus interactions with targets from Fe to Cs is presented. It was found that the yield
ratios of isotopes classified by the difference of the neutron numbers are compatible with relations de-
rived in the grand-canonical approach. The independence of isotope temperatures from the target mass
was demonstrated for spallation products. The spallation residues exhibit isoscaling behaviour. The high
sensitivity of the isoscaling parameters to the nucleonic composition (N/Z) of the disassembling nuclei is
analysed. A unified isoscaling for a common description of similar reactions is discussed.

PACS. 25.40.Sc Spallation reactions

1 Introduction

The phenomenon of isoscaling has been observed in a va-
riety of nuclear collisions followed by statistical fragment
production [1–3]. This common behaviour concerns the
yield ratio of a specific isotope with nuclear charge Z and
neutron number N occurring at the same temperature in
two similar reactions that differ only in the isospin asym-
metry

Y2(N,Z)

Y1(N,Z)
= C · exp(αN + βZ) (1)

with C as a normalization factor. The isoscaling pa-
rameters α and β contain information about the nu-
clear symmetry energy, chemical potentials and nuclear
temperature.
Isoscaling has been established in deep inelastic

nucleus-nucleus collisions, multifragmentation and evap-
oration reactions. Recently, isoscaling behaviour was also
observed in nuclear fission [4–6] and for the heavy pro-
jectile residues in deep inelastic nucleus-nucleus collisions
at 25 AMeV [7,8]. Another promising class of reactions,
which has not yet been systematically investigated in
terms of isoscaling, pertain to spallation processes. The
reaction mechanism is a rather transparent two-step pro-
cess. The incident light projectile deposits a significant
amount of energy while ejecting only a few nucleons well
described by the intra-nuclear-cascade (INC) model [9].
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Then, the excited nucleus cools down and at adequate low
excitation energy between subsequent emissions of nucle-
ons the time should be sufficient for the residual nucleus
to reach equilibrium [10]. At the limiting temperature of
T ' 4.5MeV [11] the mass of the instantaneous residues
declines sharply by statistical emission of light and com-
posite particles until a stable nucleus, the observed spal-
lation product, is formed [12]. Actually, this temperature
has been established in numerous 1GeV-proton nucleus
interactions [13]. Therefore, one may assume that the re-
maining spallation residues are products of a statistical
process. Consequently, isoscaling should be verifiable.

Spallation should be helpful to confirm recent calcula-
tions in the framework of the antisymmetrized molecular-
dynamics model (AMD) [14], which predicts an increase
of the isoscaling parameters α and β with increased differ-
ences in the asymmetry of the two considered reactions.
These predictions may be checked by available data which
were obtained in hadron-induced reactions using different
targets. Furthermore, heavy residues are of high current
interest because they allow to extend the range of Z and
N to much larger nuclear charges and neutron numbers
to test whether a supposed break-down of the isoscal-
ing properties [2,15] will take place or not. In ref. [8] a
decrease of the isoscaling parameter α was observed for
charges Z > 28, i.e. for fragments near to the projectile
mass, which were produced in very peripheral collisions.
Therefore, it is desirable to accomplish systematical stud-
ies involving more heavy products formed elsewise.
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Table 1. Overview of the used targets.

Targets Degree of enrichment, % Consistency
54Fe 99.6 metallic foil

Fe natural metallic foil
58Ni 99.7 metallic foil
60Ni 95.0 metallic foil
62Ni 88.0 metallic foil
64Ni 90.0 metallic foil
70Ge 92.0 GeO
76Ge 76.0 GeO

Rb natural RbCl

Ag natural metallic foil

Cs natural CsCl

The yields of such reaction products were measured
using a large number of targets bombarded with protons
in the energy range from 660MeV to 12GeV [16,17]. How-
ever, most of the published cross-sections or relative yields
were obtained by radiochemical methods and this imposes
restrictions on systematic studies.
Here, we have analysed the spallation data [18,19] ob-

tained in p(1GeV) + A reactions by γ-ray spectroscopy
(see sect. 2). The wide variety of these data makes it pos-
sible to study isoscaling properties involving not only tar-
get combinations different in the neutron number but also
such ones with different nuclear charges. Some aspects of
isoscaling of these spallation products were already dis-
cussed in refs. [20,21] and the present paper is addressed
to an extended study and questions related to isoscaling
properties. At first (sect. 3) we check up to what extent
the available data are consistent with a statistical con-
cept. Thus, we obtain some guidance to analyse the corre-
sponding data. In sect. 4 isoscaling properties of selected
target combinations are examined and a unified isoscaling
is proposed which allows to represent a wide variety of
spallation data in a common description.

2 Data under consideration

The analysis presented here is based on data obtained at
the external 1GeV-proton beam of the PNPI synchrocy-
clotron in Gatchina. The bulk of these experimental data
is published in PNPI internal reports and in the thesis of
L.Ch. Batist [18,19]. Since these papers are not available
in the public domain we briefly describe specific features
of the experiments [18]. The targets (100–200mg cm−2),
mostly consisting of enriched isotopes, were irradiated at
the external proton beam with an intensity of ∼ 1011 pro-
tons/s. An overview of the targets is given in table 1.
A pneumatic transport system was used to transport

the irradiated targets containing short-lived activities with
half-lives T1/2 from less than 20min to some seconds. Ac-
tivities of longer half-lives were investigated by usual off-
line measurements. The γ-ray spectroscopy of these sam-

Table 2. Cross-sections of scandium isotopes obtained from
various targets at Ep = 1GeV taken from [19]. The numbers
given in parantheses are the errors related to the last digit. The
errors include statistical errors, inaccuracies of the detector
efficiency and the beam monitoring.

Targets
Cross-sections of Sc isotopes, mb

43Sc 44Sc 46Sc 47Sc 48Sc

54Fe 8.3(4) 18.3(9) 4.30(25) 0.77(4) –
56Fe 4.6(3) 16.2(8) 7.8(5) 2.8(2) 0.52(13)
58Ni 6.5(4) 14.5(8) 3.8(3) 0.78(5) –
60Ni 4.2(3) 12.5(6) 6.2(4) 1.9(1) 0.38(3)
62Ni 3.3(2) 10.0(5) 7.9(5) 3.1(2) 0.66(4)
64Ni 2.6(2) 7.8(4) 8.6(5) 4.5(3) 1.46(9)
70Ge 1.33(8) 4.7(3) 3.6(3) 1.56(9) 0.38(3)
76Ge 0.36(3) 2.00(15) 3.0(3) 2.10(13) 0.84(5)

Rb 0.21(2) 0.91(8) 1.2(1) 0.72(4) 0.22(1)

Ag 0.026(2) 0.120(7) 0.13(1) 0.063(4) 0.020(1)

Cs 0.007(1) 0.042(3) 0.08(1) 0.052(3) 0.021(1)

ples was performed with a 20 cm3 Ge(Li) detector to ob-
tain γ-intensities and therefrom cross-sections. The spal-
lation residues were identified by their characteristic γ-
transitions and the respective half-lives. Simultaneous ir-
radiation of Al samples allowed to obtain absolute cross-
sections (see tables 2 and 3) using the value σ(1GeV) =
10.6mb of the reaction 27Al(p,n3p)24Na. Approximate es-
timations of cumulative contributions from other nuclei to
the extracted nuclide cross-sections do not exceed 10%.
In addition to the obtained data, spectra of prompt

γ-rays emitted from 58,60Ni targets (5–10 g cm−2) were
measured by a 50 cm3 Ge(Li) detector in coincidence with
incident protons at lower beam intensities (' 5 · 104 pro-
tons/s) [18]. That way, the identification of short-lived ac-
tivities could be confirmed and this method made acces-
sible also identification of stable spallation residues. How-
ever, in most cases the cross-sections, obtained from these
measurements, were found to be considerably lower com-
pared to the values determined by the off-line method.
Therefore, in the following analysis we refer in particu-
lar to results obtained by the first method previously de-
scribed.

3 Probe equilibrium for spallation residues

In this section we employ methods used successfully in
low-energy nucleus-nucleus collisions and fragmentation
reactions, to check the applicability of statistical meth-
ods to analyse spallation data. Next, we consider the yield
ratios of isotopes which are emitted from the same target.

3.1 Basic concept

A thermally equilibrated system at temperature T , de-
scribed in the grand-canonical ensemble, can be char-
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Table 3. Cross-sections of spallation residues from isotopically separated targets of Ni and Ge at Ep = 1GeV (from [19]). The
convention for the errors is the same as in table 2.

Spallation
products

Cross-sections of spallation residues from Ni and Ge targets, mb
58Ni 60Ni 62Ni 64Ni 70Ge 76Ge

20F 0.39(5) 0.60(8) 0.66(10) 0.60(15)
22Na 1.13(8) 0.85(7) 0.55(8) 0.36(5)
24Na 0.93(7) 1.05(7) 1.00(7) 0.97(7)
28Mg 0.083(15) 0.120(15) 0.160(15)
28Al 1.7(2) 1.8(2) 1.7(2) 1.25(15)
29Al 0.57(7) 0.82(9) 0.92(9) 1.2(1)
38Cl 0.63(6) 0.9(1) 1.1(1) 1.2(1)
39Cl 0.13(2) 0.28(3) 0.33(3) 0.46(5)
41Ar 0.15(2) 0.44(4) 0.57(5) 0.82(6) 0.290(15) 0.38(5)
38K 1.2(2) 0.72(15) 0.56(10) 0.36(5)
42K 2.1(2) 2.7(2) 3.5(3) 4.1(3) 1.66(15) 1.56(15)
43K 0.35(3) 0.70(5) 1.1(1) 1.75(15) 0.48(5) 0.68(6)
48Cr 1.70(15) 0.67(10) 0.35(5) 0.20(5) 0.23(2) 0.04(1)
49Cr 7.3(10) 4.7(5) 2.8(3) 1.7(2)
51Cr 28.0(25) 24.0(25) 20(2) 14.0(15) 14.7(11) 6.2(5)
52Mn 12.5(8) 9.2(7) 6.5(5) 4.7(4) 7.4(6) 2.70(25)
54Mn 9.0(25) 15.0(15) 18.0(15) 19.0(15) 12.6(14) 9.2(10)
56Mn 1.30(8) 4.5(3) 8.5(5) 1.62(15) 4.2(3)
58Mn 0.43(5) 1.60(15)
52Fe 1.45(15) 0.33(3) 0.160(13) 0.11(1)
53Fe 10.0(8) 3.7(3) 1.85(20) 1.10(15)
59Fe 3.7(3) 9.8(9) 0.72(7) 3.6(3)
55Co 5.6(4) 2.3(2) 1.2(1) 0.75(8) 1.06(10) 0.24(3)
56Co 32(2) 10.0(8) 5.5(4) 3.5(3) 5.5(5) 3.3(3)
57Co 32(2) 29(2) 17.5(15) 10.5(9) 16.4(15) 7.5(7)
58Co 32(2) 17.0(15) 15.0(15) 17.3(15) 11(1)
60Co 21(2) 19(2) 2.1(3) 5.4(6)
61Co 15(2) 15(2) 3.2(8)
57Ni 26.0(17) 1.20(15) 0.6(1) 0.6(1) 0.61(5) 0.16(2)
60Cu 4.0(5) 1.1(1)
61Cu 9.2(10) 2.7(3)
65Zn 30(3) 12.6(13)

acterized by a primary fragment yield Y (N,Z) explic-
itly given in ref. [22]. The yield ratio of two isotopes
(Z,A1, N1 = A1 − Z) and (Z,A2, N2 = A2 − Z) of a
given fragment follows the relation

R =

(

N2 + Z

N1 + Z

)3/2

·exp

(

−
ε2 − ε1
T

)

·exp

(

µn∆N

T

)

(2)

taking into account the convention that A2 > A1 and
N2 > N1. The corresponding difference of the neutron
numbers is ∆N = N2 − N1, ε1, ε2 are the mass excesses

of both isotopes and µn is the neutron chemical potential
of the system.

In low-energy nucleus-nucleus reactions it was found
that the significant ordering parameter in the relative
yields of isotopes is the neutron-to-proton ratio of the
combined system (c) of target (t) + projectile (pr) rather
than that of the target alone [23]. In ref. [24] it was shown
that for fixed temperature T the chemical potential µn

increases also with the neutron-to-proton ratio of the con-
sidered ensemble. Provided that the conditions of ref. [25]
are satisfied we assume that µn is a linear function of the
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ratio Nc/Zc,
µn = µno + µ′

n ·Nc/Zc (3)

with
Nc/Zc = (Nt +Npr)/(Zt + Zpr). (4)

Equation (3) can be regarded as the first-order series ex-
pansion of the neutron chemical potential at fixed tem-
perature, whereas µ′

n may be interpreted as the intrinsic
chemical potential of the combined system.
In the following we consider proton-induced reactions.

Then, the ratio Nc/Zc simplifies to

ξ = Nc/Zc →
Nt

Zt + 1
(5)

and eq. (2) can be written as

R =

(

N2 + Z

N1 + Z

)3/2

· exp

(

−
ε2 − ε1
T

)

× exp

(

µno∆N

T

)

· exp

(

µ′

n

T
∆N · ξ

)

. (6)

Equation (2) is valid when the isotopes “1” and “2” are
produced at the same temperature T . Under this condi-
tion, supposed that the difference of the neutron numbers
∆N is fixed, eq. (6) simplifies to

R ∝ ec1·∆N
· ec2·∆N ·ξ = CeS∆N ·ξ , (7)

where c1 = µno/T , c2 = µ′

n/T and S∆N = c2 ·∆N .
In this notation we get

ln(R) ∝ S∆N · ξ (8)

and the exponential slope is related to the difference of
the neutron numbers

S∆N (∆N = 1, 2, 3, 4, 5, . . .) = c2 · (1 : 2 : 3 : 4 : 5 . . .). (9)

Equation (7) predicts that all isotopic ratios, specified by
fixed ∆N , lie on a line in a semi-log plot versus Nc/Zc

or ξ = Nt/(Zt + 1). Furthermore, the logarithmic slopes
S∆N derived from data, plotted for isotopic pairs counted
among ∆N = 2, are expected to be twice larger than
those characterized by ∆N = 1, or generally, as predicted
by eq. (9).
These consequences have been verified in low-energy

nucleus-nucleus interactions [26,27] and also in proton-
induced fragmentation at 1GeV [20,28]. This means, vice
versa, that the assumption about the proportionality of µn

to the ratio Nc/Zc is not in contradiction with the experi-
mental data. Therefore, we will show later in sect. 4.3 that
the ratio Nc/Zc is particularly suited for the characteri-
zation of the nucleonic composition of each disassembling
source.

3.2 Application to spallation data

The yield data concerning different isotopes from spalla-
tion reactions, presented in tables 2 and 3, allow an anal-
ysis using the above statistical concept. The sum of the

R

∆N=1,2.3,4,5

(44Sc/43Sc),  ∆N=1 (46Sc/43Sc),  ∆N=3

(47Sc/46Sc),  ∆N=1 (47Sc/44Sc),  ∆N=3

(48Sc/47Sc),  ∆N=1 (47Sc/43Sc),  ∆N=4

(46Sc/44Sc),  ∆N=2 (48Sc/44Sc),  ∆N=4

(48Sc/46Sc),  ∆N=2 (48Sc/43Sc),  ∆N=5

Nt/(Zt+1)

Fig. 1. Yield ratios R of Sc isotopes obtained in spallation
reactions of the target nuclei 54,56Fe, 58,60,62,64Ni, 70,76Ge, Rb,
Ag and Cs. The ratios are classified by ∆N = 1, 2, 3, 4, 5. The
lines are exponential fits to the experimental points.

measured cross-sections, obtained for a given target, rep-
resents about 20% of the total inelastic reaction cross-
section estimated in [19] by the relation

σtot ' 50 ·A
2/3
t (mb).

Yield ratios specified by ∆N were calculated from the
production cross-sections of 43,44,46,47,48Sc given in table 2.
These data, acquired using targets from Fe to Cs [18], are
presented in fig. 1. As long as ∆N is kept fixed, the ex-
pected exponential increase of the isotopic ratio R as a
function of ξ = Nt/(Zt+1) has been observed. Then each
data set presented in fig. 1 was fitted by an exponential
form R = C · exp(S∆N · ξ). Apart from some fluctuations
around the fit lines the data agree with an overall loga-
rithmic increase indicating a common temperature. The
parameters S∆N obtained from these fits are displayed
in fig. 2 as a function of ∆N demonstrating the valid-
ity S∆N = c2 ·∆N and generally relation (9). Thus, one
may conclude that the spallation products arise from an
equilibrated source. In this context we refer to a similar
study [28] where fragmentation products with Z = 2–5
from 1GeV p + A collisions were analysed. The ratios of
isotope yields specified by ∆N behave very similarly.

3.3 Feature of isotope temperatures

The isotope temperatures [29] provide a further indication
that global equilibrium is attained in the reaction under



M.N. Andronenko et al.: Isotope ratios and isoscaling of spallation products in . . . 129

∆N

S
∆N

Fig. 2. The slope parameters S∆N obtained from exponential
fits to the data given in fig. 1 as a function of the difference
of the neutron numbers ∆N . The line shows a linear fit to the
data points.

Fig. 3. Noncalibrated isotope temperatures as a function of
the target mass derived from scandium spallation products
registered in 1GeV-proton interaction with target nuclei from
fig. 1 and table 2.

consideration. Already in ref. [13] it was shown that in
proton-induced fragmentation reactions relative tempera-
tures can be derived from thermometers constructed by
certain double-yield ratios. A striking feature of these rel-
ative apparent temperatures is a rather weak dependence
on the target mass. Here, we derived in an analog way rel-
ative temperatures from specific combinations (see fig. 3)
of the spallation products 43Sc, 44Sc, 46Sc, 47Sc and 48Sc.
The corresponding relative apparent temperatures plot-
ted in fig. 3 are nearly constant in the target mass range
from At = 56 to At = 133. Hence, spallation at 1GeV
seems to be characterized by a unique temperature as far
as medium-weight targets are considered.

4 Isoscaling behaviour of spallation residues

4.1 Target combination 76Ge/70Ge

The observed properties of the yield ratios of spallation
products advocate the adoption of statistical concepts as
precondition for isoscaling. As explained in the introduc-
tion, this phenomenon is related to the yield ratios Y2/Y1

of specific isotopes (N,Z) produced in two similar reac-
tions:

Y2(N,Z)

Y1(N,Z)
∝ exp

(

∆µnN

T

)

· exp

(

∆µpZ

T

)

= C · exp(αN + βZ), (10)

where ∆µn and ∆µp are the differences of the neutron
and proton chemical potentials belonging to the reactions
“1” and “2”. It is conventionally suggested that the neu-
tron to proton ratio of system “2” is larger than that of
system “1” [2]. A common fit of Y2/Y1 against N and Z
of spallation products allows to determine the parameters
α = ∆µn/T and β = ∆µp/T assuming that the nuclear
temperature T in both systems is nearly the same.
In refs. [1,2] it has been shown that the relative isotope

yields scaled with the factor exp(−βZ) lie along a straight
line on a semi-log plot (Y2/Y1) exp(−βZ) as a function of
the neutron number N of the reaction products.
The above spallation data allow inspection of isoscal-

ing behaviour for higher Z and N up to neutron numbers
N ≤ 33. Figure 4 demonstrates this behaviour for the
residues registered in 1GeV-proton interactions with the
target nuclei 70Ge and 76Ge, ref. [18]. Two examples of in-
dividual fits of isotope chains of Sc and Mn are shown (see
insert of fig. 4). The obtained parameters α and β were

N

(Y
2/

Y
1)

 e
-β

 Z

Sc Mn

N

Y
2/

Y
1

Fig. 4. The scaled yield ratios of spallation products from
70Ge and 76Ge targets plotted as a function of the neutron
number N . The data points for isotopes of a given element
are displayed by the same symbol (see notation inside of the
figure). The solid line is the best fit to the plotted data points
obtained with eq. (1).
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Fig. 5. Scaled yield ratios of spallation products from 1GeV-
proton interactions with Ni targets as a function of the neutron
(or proton) numbers of the fragments. Upper panel: isotopic
scaling, the lines correspond to the combinations 60Ni/58Ni,
62Ni/58Ni and 64Ni/58Ni (upwards). Lower panel: isotonic scal-
ing, the assignment to the lines is in the opposite direction.

found to be equal to (0.45± 0.03) and (−0.46± 0.02), re-
spectively. All spallation products displayed in the range
22 ≤ N ≤ 33 (see fig. 4) lie near to the line corresponding
to the common fit, i.e. they show a satisfying isoscaling.
The observed deviations are mainly due to uncertainties
in the cross-sections.

4.2 Selected combinations of Ni targets

To improve the accuracy of the parameters α and β two
selection criteria were applied to spallation products: Z >
16 and A < At − 7. The first criterion was used to reject
products of fragmentation and the second one to eliminate
some direct processes (like knockout etc.). For example,
INC calculations, accomplished for p+Ni interactions [30],
showed that at the initial cascade stage, on average, ' 6
nucleons are lost from the target. This is in agreement with
the measured mass loss ∆A at 1GeV incident energy [31].
Figure 5 shows the scaled yield ratios of spallation

products for 3 combinations of Ni targets, 60Ni/58Ni,
62Ni/58Ni and 64Ni/58Ni, which correspond to differences
∆Nt = 2, 4, 6. The striking feature in fig. 5 is that the log-
arithmic slopes and the corresponding parameters α and

β vary for the three studied examples. Already in ref. [15]
it was mentioned that α and β are also sensitive to the
isospin asymmetry if different combinations of reactions
are considered. In order to extract this dependence one
has to rule out the influence of other disturbing quantities.
i) For instance, in the grand-canonical ensemble limit

of dilute non-interacting particles the parameters α and β
are related also to the relative nucleon density when form-
ing the fragments [1]. But that should have little relevance
since spallation residues are remnants of an evaporation-
like process occurring at normal nuclear density.
ii) In ref. [15] it was pointed out that sequential decays

affect minimally or not the isoscaling.
iii) Both parameters α and β are proportional to the

reciprocal of the temperature. Therefore, one has to con-
strain the temperature with experimental information to
draw conclusions about the influence of the isospin asym-
metry, or generally, the nucleonic composition of the in-
volved reactions. From fig. 3 follows that at 1GeV-proton
energy, the spallation remnants from medium-weight tar-
gets can be characterized by nearly the same temperature.
The reason of different isoscaling parameters α and β in
fig. 5 may hardly be explained by different temperatures.
Consequently, the unequal values α (or β) observed for
different combinations of reactions in fig. 5 are to be at-
tributed to differences of the nucleonic compositions of the
disassembling nuclei.

4.3 Dependence on the nucleonic composition of the
emitting sources

In ref. [21] we pointed out the high sensitivity of isoscaling
parameters to the nucleonic composition of the emitting
sources. Here we consider two approaches to demonstrate
the explicit dependence of α and β on the difference of the
isospin asymmetries of the sources.

4.3.1 Semiempirical approach

The first approach is based on the experimental findings of
the preceding sections and supported by ref. [25]. There,
it has been shown that the conservation of the mean mass
and charge of the emitting source (denoted by s) within
a given volume has the consequence that the chemical
potential µ becomes approximately a linear function of
the appropriate neutron-to-proton ratios. Therefore, the
isoscaling parameters α and β, both proportional to ∆µn

and ∆µp, may be modified by a quantity ∆(N/Z)s =
(N/Z)2−(N/Z)1 for α and for β by ∆(Z/N)s = (Z/N)2−
(Z/N)1, where the indices i = 1, 2 are related to the two
reactions under consideration. According to relation (5),
for proton-induced reactions, one can write:

∆(N/Z)s = Nt2/(Zt2 + 1)−Nt1/(Zt1 + 1)

∆(Z/N)s = (Zt2 + 1)/Nt2 − (Zt1 + 1)/Nt1 , (11)

where Nt1, Zt1 and Nt2, Zt2 are the neutron and proton
numbers of the targets “1” and “2”, respectively. For
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0.5

1

β
α

Fig. 6. The isoscaling parameter α (points) as function of
the quantity ∆(N/Z)s and the parameter β (boxes) versus

∆(Z/N)s for the 3 combinations plotted in fig. 5. The error
bars are less than the size of symbols.

simplicity, we assume here that the neutron-to-proton
ratio of each of the emitting sources is approximately the
same as in the entire combination, i.e. target + proton.
This assumption is also supported by recent calculations
performed with the INC code [9] for incident energies
in the GeV range. Although the masses of the emitting
sources differ from those of the targets, the difference of
neutron-to-proton ratios of the emitting sources is similar
to that of the targets. This was shown for p + 112Sn and
p + 124Sn interactions in ref. [9].
The isoscaling parameters α and β derived from fits

to the data analysed in sect. 4.2 by using relations (10)
are plotted in fig. 6 as functions of quantities defined
in eq. (11). The obtained values α (or β) comply with
a linear relationship α ∝ ∆(N/Z)s and β ∝ ∆(Z/N)s,
respectively.
On this basis we introduce reduced isoscaling param-

eters α′ and β′ as follows:

α = α′
·∆(N/Z)s , β = β′

·∆(Z/N)s . (12)

As a result, eq. (10) becomes

Y2

Y1

= C · exp(α′
·∆(N/Z)s ·N + β

′
·∆(Z/N)s · Z), (13)

where the ratio of the isotope yields of the fragments is
an explicit function of the nucleonic compositions of the
emitting sources. The application of eq. (13) to the data
presented in fig. 5 allows to unify the three sets which de-
pict various combinations of Ni isotopes into a common
group using the renormalized ordinates with common val-
ues for α′ and β′ for all combinations:

α′
·N = ∆(N/Z)−1

s (ln(Y2/Y1)− lnC − β′∆(Z/N)sZ)

β′
· Z = ∆(Z/N)−1

s (ln(Y2/Y1)− lnC − α′∆(N/Z)sN),

(14)

as shown in fig. 7.
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Fig. 7. Unified isotopic and isotonic scaling for three com-
binations of Ni isotopes plotted in fig. 5 scaled with the fac-
tors ∆(N/Z)−1

s (upper panel) and ∆(Z/N)−1

s (lower panel),
see (14). Here, the error bars shown in fig. 5, were deleted for
the clearness of 45 points compressed in one band.

4.3.2 Unified isoscaling

The above findings encourage us to consider not only pairs
of reactions with different isospins but also sources with
different nuclear charges and various nucleonic composi-
tions [20,21,32]. In order to verify the unified isoscaling1

as presented by eq. (13) we processed as many data as
possible. The fit procedure was applied to 15 combinations
of targets including 58,60,62,64Ni and 70,76Ge. One of them,
the combination (p+62Ni)/(p+70Ge) having the smallest
∆(N/Z)s = 0.02, was discarded due to the too large χ

2.
Figure 8 (upper panel) shows the dependence of the

obtained parameters α (or β) on ∆(N/Z)s or ∆(Z/N)s,
respectively, thus confirming the approach (12). Here we
stress nonstatistical deviations of isoscaling parameters in
comparison with fig. 6. The fluctuations of the data points
in fig. 8 can be related to indeterminations of the neutron-
to-proton ratios of the used values regarding (N/Z)i of the
excited nuclei at the decay phase. Thus, the upper panel
of fig. 8 illustrates the high sensitivity of isoscaling param-
eters to the difference of (N/Z)s of the emitting sources.
Assuming a changement of At by only one nucleon, it was
found that the position of the parameters α is shifted on
the axis ∆(N/Z)s proportionally to 1/Zt ∼ ±0.036, i.e.

1 We mention that the term “unified isoscaling” has not the
same meaning as “generalized isoscaling” in ref. [33], where
the isoscaling relationship has been extended to consider two
systems at different temperatures.
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Fig. 8. Upper panel: the isoscaling parameters α and β ob-
tained by eq. (1) for 14 combinations of 58,60,62,64Ni and 70,76Ge
as a function of ∆(N/Z)s and ∆(Z/N)s. Lower panel: the re-
duced isoscaling parameters α′ and β′ from eqs. (12) for the
corresponding combinations.

remarkably away from the line presenting the fit to the
data points. For example, suggesting that At of one of the
involved Ni targets is in question, then the consideration of
unified isoscaling would allow to determine it (see fig. 6).
Whereas the isoscaling parameters α and β vary from

one to another combination of targets, the correspond-
ing reduced parameters α′ and β′ are indeed independent
on the difference of the nucleonic compositions as shown
in fig. 8 (lower panel). The nearly constant temperatures
extending over several target masses (see fig. 3) here are
reflected in a similar behaviour of α′ and β′ derived from
spallation products related to target masses from At = 58
to At = 76. Therefore, the reduced parameters α

′ and β′

are supposed to be the relevant quantities in the isoscal-
ing relationship and they are dependent on the tempera-
ture such as α and β, which is obvious from relations (10)
and (12). The yield ratios Y2/Y1 of 14 combinations, scaled
with the differences of the nucleonic compositions (ac-
cording to (11)) of the corresponding target pairs applied
to relation (14) with common values α′ = 2.7 ± 0.2 and
β′ = 4.1 ± 0.2, are shown in fig. 9. More than 250 points
are located in a narrow band around the exponential re-
lationship, regardless of the various combinations.

4.3.3 Model-based analysis

In ref. [3] it was pointed out that the isoscaling parame-
ters depend on the asymmetry of the two reactions which
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Fig. 9. Unified isoscaling of spallation residues related to 14
combinations of Ni and Ge targets with the mean values of α′

and β′ presented in fig. 8. The error bars were deleted to depict
the slopes of 14 close curves containing 250 data points. Upper
panel: unified isotopic scaling. Lower panel: unified isotonic
scaling.

leads to a linear relationship between α and (Z/A)2
2
for

a fixed reaction denoted by “1”. Corresponding relations
can be derived in the framework of the expanding emitting
source (EES) model [34], the antisymmetrized molecular
dynamics (AMD) model [14] and the statistical multifrag-
mentation model [9]. In the grand canonical limit α and
β will have the form [35]:

α = 4Csym/T · ((Z/A)
2

1
− (Z/A)2

2
),

β = 4Csym/T · ((N/A)
2

1
− (N/A)2

2
), (15)

where (Z/A)2i and (N/A)
2

i (i = 1, 2) are the squares of Z
or N over A for reactions “1” and “2”, respectively, and
Csym is the coefficient of the symmetry term of the nuclear
binding energy. Csym provides the dominant contribution
to the difference of the separation energies (or chemical
potentials) in systems of comparable mass and excitation
energy [3] thus modifying the isoscaling parameters.
On the basis of eqs. (15) the isoscaling parameters α

and β can be factorized as in relations (12):

α = α′

m ·∆(Z/A)
2

s , β = β′

m ·∆(N/A)
2

s (16)

with
α′

m = β′

m = 4Csym/T. (17)

Here, we approximate also the nucleonic composition
of the emitting source (s) by the corresponding one of the
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Fig. 10. The isoscaling parameters for 14 combinations of
58,60,62,64Ni and 70,76Ge targets presented in fig. 8 as a func-
tion of the coordinates ∆(Z/A)2s and ∆(N/A)2s. Upper panel:
the isoscaling parameters α (points) and β (boxes) obtained
with eq. (1). Lower panel: the reduced isoscaling parameters
α′m (points) and β′m (boxes) obtained with eqs. (16).

initial projectile-target combination (p+At). This approx-
imation does not contradict recent AMD model calcula-
tions [14,36] for nucleus-nucleus interactions which pre-
dict a linear relationship between the initial asymmetry
(Z/A)2t=0

in the dynamical evolution and the correspond-
ing one at t = 300 fm/c, i.e. when the fragments are al-
ready produced.
The results shown in the upper panel of fig. 10 con-

firm the hypothetical factors for analysis in eq. (16). Thus,
it was possible to confirm unified isoscaling (see rela-
tions (13)) in both the semiempirical and the model-based
procedures.

5 Discussion

Our results may be compared with findings of other anal-
yses. The slopes α versus ∆(Z/A)2 found for projectile
residues from peripheral collisions of 58,64Ni and 136Xe
with targets of Sn, Au, Pb and Th [8] agree astonish-
ingly with our results, whereas α and β derived from the
spallation data are only few percents larger. The slope
of the isoscaling parameters α versus ∆(Z/A)2 derived

from fragments produced in the multifragmentation of
58Ni + 58Ni, 58Fe + 58Ni and 58Fe + 58Fe [37] are about
35% larger than for our corresponding spallation data.
Consequently, the isoscaling parameters α obtained from
spallation residues are placed in-between the results of the
other data sets.
On the other hand, the reduced parameters α′

m and β
′

m

are rather independent of ∆(Z/A)2s and ∆(N/A)
2

s, respec-
tively, as shown in fig. 10, lower panel. This result again
is in agreement with a nearly constant temperature evi-
denced in fig. 3. However, the temperatures in this figure
are given in arbitrary units due to missing proper calibra-
tion factors for the used thermometers. But one may try
to extract the symmetry term by using isotope tempera-
tures found for light fragments (Z = 2–5) in 1GeV-proton
interactions with targets of 58,64Ni. In this case, from the
measured double isotopic yield ratios a temperature T ∼
4.5MeV has been extracted [13]. Using this temperature
and the obtained values of α′

m (see lower panel of fig. 10),
relation (17) allows roughly to estimate the symmetry en-
ergy term to be Csym ∼ 17± 3MeV. Although this value
deviate from the standard quantity Csym = 25MeV, the
following considerations seem to warrant this result.
In recent publications [35,38] the symmetry energy

has been calculated in dependence on the excitation en-
ergy Eexc. The temperature T ' 4.5MeV can be con-
verted by the Fermi gas relation Eexc = a · T 2 (with a
level density parameter a = 10/A) into an excitation en-
ergy Eexc ' 2.3 AMeV for disassembling 60Ni. On the
other hand, the mean multiplicity of nucleons emitted in
1GeV proton + 58Ni, 60Ni interactions, leading to a 42Ca
residue, provides Eexc ' 200MeV or ' 3.4 AMeV [31],
respectively. The excitation energy is mostly dissipated
by sequential emission of light particles in spallation as
well as in projectile-fragmentation reactions. Therefore,
we refer to symmetry energies found from an analy-
sis of projectile-fragment distributions within a modified
abrasion-ablation model [35]. The evaluated parameters
of the symmetry energy scatter from Csym ' 10MeV to
Csym ' 20MeV within the interval of excitation energies
from 2.3 AMeV to 3.4 AMeV.
However, the evaluation of Csym from isoscaling pa-

rameters α and β must be done with caution due to their
high sensitivity on ∆(Z/A)2s of the emitting sources. For
example, already an uncertainty of ±1 nucleon in the nu-
cleonic composition of one of the emitting sources falsifies
the value of Csym by about ±(10–30)%.
Figures 8 and 10 show that the points scatter from

the fit line more at smaller ∆(N/Z)s or ∆(Z/A)
2

s. Hence,
the preferable combinations to evaluate Csym are combi-
nations with a sufficiently large difference in the nucleonic
composition of the emitting sources.

6 Conclusions

In summary, single and double yield ratios of isotopes
were analysed to study statistical properties of spal-
lation residues from 1GeV-proton+nucleus interactions.
The yield ratios of adjacent isotopes of these reaction
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products meet criteria derived for an equilibrated system
described by the grand-canonical approach. It means that
a fraction of the order of few percents of the total reac-
tion cross-section undergoes equilibrium. This behaviour
is also indicated by the constant isotope temperatures (ob-
tained from double isotope yield ratios) which are nearly
the same in a wide range of target masses.
The yield ratios Y2(N,Z)/Y1(N,Z) of a specific iso-

tope for arbitrary target pair combinations are found to
exhibit isoscaling properties up to N = 33 and Z = 28.
The isoscaling parameters α and β were found to be highly
sensitive to the nucleonic composition of the emitting
sources. This dependence can be taken into account by
the quantity which is either linear in ∆(N/Z)s of the frag-
menting sources or depends on ∆(Z/A)2s as predicted by
several models.
Unified isoscaling for comparative tests of numer-

ous combinations of spallation reactions was proposed
whereby the reduced isoscaling parameters α′ and β′ sub-
stitute the former parameters α and β. Without restric-
tions to the choice of the target pair combinations, the
absolute values of the reduced parameters α′ and β′, both
proportional to the reciprocal of the nuclear temperature,
were found to be approximately the same. Consequently,
one can suppose that all considered spallation products
are to be produced at a similar temperature.
The established unified isoscaling is supposed to be

used in forthcoming studies to enlighten the nucleonic
composition at the break-up of excited nuclei.
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